Abstract: Analysis, precise interpretation and forecasting of incidence and mortality rates are very important aspects in epidemiology and demography. The purpose of this study is to apply two different methodologies, namely the FTS (functional time series) models and APC (age-period-cohort) models on a single data set. We intend to compare the results obtained and to see the performances of these two approaches. We used FTS models on age-specific incidence rates taking age as a continuous function that is varying by time.
Introduction
 FDA (functional data analysis) is a branch of statistics that analyzes data to provide information about curve or surfaces, instead of single observation. These types of data sets are referred as functional data. In FTS (functional time series), the data provide information about curves (which are considered as unit of observations) observed in regular intervals in time. The FTS models were first introduced by Hyndman et al. [1] , where those models were used in forecasting a series of functional data observed over time. The functions were observed, with error at time 1, … , , and the forecasts were obtained for time 
1, … ,
. For example, in demography, the mortality or fertility rates can be modeled taking age as a continuous function in time " ". The model is a generalization of the LC (Lee-Carter) model commonly used in mortality and fertility forecasting. Lee et al. [2] proposed a methodology for modeling and extrapolating trends in mortality rates having long term periods. There were many applications involving functional time series including those studied in Erbas et al. [3, 4] . Also, these models were applied in forecasting the mortality rates of chronic diseases such as breast cancer by Yasmeen et al. [5, 6] .
The APC (age-period-cohort) models, one of the most commonly used statistical methods, were used to analyze trends for the mortality/incidence rates in demography and epidemiology [7] . These rates were observed over a long time period and for a broad age range, that were categorized by age (at death/at follow up), the period (year of death/date of follow up) and the cohort (date of birth). The purpose of designing APC models was to estimate the effects of three variables including age, period and cohort [8] . The age effect could be determined by the differing risks correspond to different age groups, the period effect indicated a change in rate which is associated with all age groups like a change in treatment that would reduce mortality rate in all ages, and the cohort effects were associated with long-term exposures or long-term habits whereby different generations were exposed to different risks.
Period and cohort effects explained the changes in the rates associated with time.
The major problem with APC models was an exact linear dependency among the three factors, as discussed by Holford [8] . The information of any two variables provides information about the third variable as " ", where "c" represents the cohort effect and "a" and "p" are the age and period effects, respectively. In APC model, the effect of the three variables becomes non-linear on the log rate scale and hence, the modeling of the rates and parameterization has to be done carefully. The identifiability problem was well known, and a number of solutions were proposed in the past. The first paper that showed the effects by using different arbitrary constraints on the period and cohort parameters so that one could ensure the problem of identifiability was proposed by Holford [9] . To deal with the identification problem, standard procedures proposed by Clayton et al. [10, 11] were also used, where the mortality rate was decomposed into a common linear trend (drift), a non-linear period effect and a non-linear cohort effect. More recently, a method was proposed by Carstensen [12] , where the authors suggested no constraint on age parameter. They suggested selecting a reference point for either the period or the cohort term and constraining the other factor to be zero on average. This method was also used by Su et al. [13] to check the impact of a new screening program on the mortality rates in cervical cancer in Taiwan for the two different time periods. The methodologies discussed above were widely used in the field of demography and epidemiology, and both of the methods have their own importance in these fields. In this paper, we intend to compare the results obtained and to check the performance of these two approaches. To the best of our knowledge, this is the first study to show the performance of both APC and FTS models on the same data set, and to discuss their advantages and limitations.
Material and Methods

Statistical Data
For illustration, we consider the data on the lung cancer incidence rates for males in Denmark from 1943-1995. The data were obtained from R-package "Epi" [14] . The source of the data for this package is the Danish cancer registry and statistics, Denmark. The incidence rates were available in the ages 40-89 years, where cases and person-years were tabulated by age, the date of diagnosis (period) and the date of birth (cohort) in 5-year classes.
Fitting of FTS (Functional Time Series) Models
As described earlier, Hyndman et al. [1] proposed an FTS model on log fertility/mortality rates and obtained the future curves, where each curve was considered as a unit of analysis rather than discrete observations. Here we applied this model on the log incidence rates. The main model is given by
where, is the log incidence rates at age ' ' in year ' ', 1, … , , is the smooth function of , allows heteroscedasticity in , and , is independent and identically distributed standard normal random variable. The first step was to estimate smooth functions by using non-parametric smoothing in order to reduce the randomness of the observed data. Then the smooth curves were decomposed into basis functions and their 
where, is a measure of location of log incidence rates over ' ', is a set of orthogonal basis functions, , is the univariate time series for each 1, … , and is independent and identically distributed random functions with zero mean and they are assumed to be serially uncorrelated.
To forecast the time series cofficients, we used univariate time series models. The h-step ahead forecast of the entire incidence curve can be obtained by multiplying these foracasts of individual coefficients with the estimated basis functions and summing the results. Forecast variance and the prediction intervals for the h-step forecaste curves can also be determined by the proposed method [1] . All options for model fitting and forecasting are available in the "demography" package [15] and "forecast" package [16] for R, available on CRAN (Comprehensive R Archive Network).
Fitting of APC (Age-Period-Cohort) Models
The APC models are used to investigate the age, period and cohort effects independently. However, these effects cannot be analyzed simultaneously, as the model suffers a problem of identifiability. Finally, the age-period-cohort model can be expressed as (6) where, is the log rates at age ' ' in period ' ' for the cohort ' ', the parameter represents relationship between age and incidence, represent (constant) change in log-rates between adjacent period and cohort, and and are the reference period and cohort, respectively. By taking antilog of the above expression, we can write
where, ′ and ′ are the relative risks between adjacent period and cohort, respectively.
Recently, Carstensen [12] proposed a methodology that consists of two mathematical steps. First step was to model the age effect and the cohort effect by choosing a suitable reference for the cohort. In this way, the age-effects would be the log rates for the reference cohort and the cohort effects would be the log RRs (relative risks). The functions and were used as age and cohort effects, respectively. The results were used as offset variable in the following model with period effects: ,
In this way, the period effects would be the residuals of log relative risk. This small trick was used for model fitting (parameterization) where natural spline functions were used to smooth rates for modeling. All options for model fitting used are available in the "Epi" package [14] of R, available on CRAN.
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Results and Analysis
Results of FTS (Functional Time Series) Models
In Fig. 1 , the male lung cancer incidence rates of Denmark were plotted as functional time series. The curves were presented in rainbow order where the earlier years were plotted in red and the recent years in violet. Each curve was representing a group of 5-year. Here we can see that incidence rates were low in earliest years (from 1943) but higher in recent year (1995) for almost all ages. There was a rapid increase in incidence rates from the age of 55 followed by a decline from 78 years of age. There was a high risk found in the ages of 70's for lung cancer incidence in Denmark.
From the original series of incidence rates, the smooth rates were estimated using weighted regression B-spline with a concavity constraint. We used functional regression model in order to obtain an adequate fit to the data. We obtained the first four basis functions with their time series coefficients. These basis functions explained 98.5%, 1.2%, 0.2%, and 0.1% of the total variation. Fig. 2 depicts the overall mean function, first four estimated basis functions and their coefficients with 80% prediction intervals. The basis functions modeled incidence rates in different age groups. The first basis function showed an increase in lung cancer incidence for ages around 70 years, where showed a contrast those between ages 40 years and 60 years. While their respective coefficients showed a decline in future years. The other basis functions and were complex as they involved third and higher order effects, so we didn't attempt to interpret them. Fig. 3 shows the twenty-year forecasts for the male lung cancer incidence from 1996 to 2015. These forecasts were obtained by multiplying the forecast values of coefficients with the estimated basis functions and summing the results. The grey curves show the original smoothed log incidence rates from 1943 to 1995. It shows that there will be a decline in the incidence rates for almost all ages. A slower decline is expected in the ages of 40-50 years and a relatively larger decline for the ages 50-55 years. It is clear from Fig. 3 that the future lung cancer incidence rates are expected to decrease very fast for older ages (60 years and above). Fig. 4 shows incidence rates of lung cancer in Denmark for males, where each curve in this graph represents a longitudinal series of rates. It depicts the evolution of incidence within a birth cohort against age. Here we can see that the rates for earlier birth cohorts were relatively low but birth cohorts for the middle years showed a clear increment in the incidence rates, especially for the ages of 60-75 years.
Results of APC (Age-Period-Cohort) Models
Finally the age, period and cohort effects were estimated by using regression model based on Poisson distribution. Fig. 5 shows the estimated effects of age at diagnosis on the age scale and the two other curves showing cohort and period effects. The right most curve, which is the shortest one, shows the period effect whereas the middle curve shows the cohort effect on the calendar time scale with 95% confidence intervals. The vertical scales show rate-scale for the age-effects and the relative risk-scale for the period and cohort effects. Here we used the sequential approach by first fitting the age-cohort model and then the period model to the residuals.
The reference cohort can be found at ( , 1) where = 1,900, the corresponding value at the rate ratio scale is one. The age-effect refers to the reference cohort. The age-curve (the left most curve of Fig. 5) shows an increasing trend from age 40 through 70 years. For the age-group 70-80 years, the highest incidence rates were found followed by a small decline after 80 years. The cohort effect can be read as the RRs relative to the reference cohort. There is a clear tendency that cohorts born earlier (before 1900)
showed relatively lower incidence rates and for those who born later, relatively higher rates were observed.
For the birth cohorts of 1900-1910, the rates were stable but in the cohort of 1920, the highest incidence rates were found and they level off after that. In contrast, the curve of period-effect shows increasing incidence rates since 1945 till 1980, followed by a decline after 1980. 
Strength and Limitations
Every model has its own advantages and limitations. FTS model deals with the curves where we can analyze subtle variations among years. The age functions can be analyzed in detail with their associated time series coefficients as the FTS model decomposes curves via basis function expansion. It also gives forecast results better than any other approaches. But this model does not incorporate the cohort term in the model. Cohort effect has a strong impact on the causes of the chronic diseases where we require prolong exposures.
On the other hand, the APC models are the commonly used statistical method which incorporate all three effects of age, period (year of death/diagnose) and cohort (year of birth). They give better understanding by providing the estimates of these factors and one can also extrapolate the future rates using these models. But the parameter identification problem is considered as a unique and unfortunate limitation of an APC model. For this reason, the predictions also depend on the parameterization chosen and long term predictions are notoriously unstable. At any future point, the changes in the parameterization will cancel out the predictions as the model is not uniquely parameterized.
Conclusions
In this study, we applied the FTS models to the data of lung cancer incidence rates in Denmark. We also obtained the twenty-year forecasts of the incidence curves. The future incidence rates are expected to decline for all ages. The rate of decline will be faster for older ages (60 years and above) and relatively slower for the age-group 40-50 years.
These methodologies will be useful especially in the field of epidemiology. By using FTS models, we can obtain the forecasts for the mortality/incidence due to any chronic disease. These forecasts will be very helpful in building public health policies, implementing screening programs and treatments for the disease prevention.
We also applied the APC models on the same data set, where we fitted the model sequentially in order to get estimates for the age, period and cohort effects. We found significant results for the period and cohort effects in lung cancer incidence trends. In contrast to the FTS models, the APC models can be used if one aims to capture all the three effects that play important roles in the medium of time trends in disease incidence/mortality rates. As in case of mortality, the period effect counts a lot if sudden changes occur such as implementation of new screening program. Similarly for some chronic diseases, certain generations or cohorts have greater exposure where long-term habits affect the disease rates. In these cases, the use of APC models is supposed to be more appropriate.
